Abstract. The single-particle potentials for nucleons and hyperons in neutron-rich matter generally depends on the density and isospin asymmetry of the medium as well as the momentum and isospin of the particle. It further depends on the temperature of the matter if the latter is in thermal equilibrium. We review here the extension of a Gogny-type isospin-and momentum-dependent interaction in several aspects made in recent years and their applications in studying intermediate-energy heavy ion collisions, thermal properties of asymmetric nuclear matter and properties of neutron stars. The importance of the isospinand momentum-dependence of the single-particle potential, especially the momentum dependence of the isovector potential, is clearly revealed throughout these studies. 
Introduction
One of the fundamental questions in contemporary nuclear physics and astrophysics is to understand quantitatively the in-medium nuclear effective interactions, which are directly related to the structure and decay properties of finite nuclei, the reaction dynamics induced by nuclei, the equation of state (EOS) of dense nuclear matter, the properties of compact stars, and the explosion mechanism of supernova [1, 2, 3, 4, 5, 6, 7, 8] . The in-medium nuclear effective interactions generally depend on the medium baryon density and isospin asymmetry, the particle momentum, and the particle isospin. Theoretically, information on the in-medium nuclear effective interactions usually can be extracted from various approaches using the microscopic many-body theory, the effective-field theory, and phenomenological models. In the microscopic many-body theory approach [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] , vacuum bare nucleonnucleon (NN) interactions, that are fitted to high-precision experimental data, are used to describe the nuclear system, and the resulting in-medium nuclear effective interactions (G-matrix) are therefore free of parameters. In the effective-field theory (EFT) approach [20, 21, 22] , effective nuclear interactions are constructed from low energy QCD and its symmetry breaking, and thus they usually have a smaller number of free parameters and a correspondingly higher predictive power. In the phenomenological approach [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41] , the nuclear many-body problem is generally treated using effective density-(momentum-and isospin-) dependent nuclear forces or effective interaction Lagrangians with parameters adjusted to fit the properties of a number of finite nuclei and/or nuclear scattering data. Although a lot of useful information on the in-medium nuclear effective interactions around normal nuclear density with relatively small isospin asymmetry has been obtained by analyzing experimental data based on these various approaches, corresponding knowledge at high baryon density and/or large isospin asymmetry remains very limited.
Indeed, both the EFT and phenomenological approaches usually give excellent descriptions of the nuclear matter properties around or below the saturation density with relatively small isospin asymmetry. Their predictions on properties of nuclear matter at the high density region and/or large isospin asymmetry are, however, likely unreliable. In addition, due to different approximations or techniques adopted in various microscopic many-body the-ory approaches, their predictions on the properties of nuclear matter and the in-medium nuclear effective interactions could be very different even for the same vacuum bare NN interaction [42, 43] . In particular, predictions on the isovector properties of nuclear matter, especially the density dependence of the nuclear symmetry energy, are still largely different in different microscopic many-body theory approaches or the same microscopic many-body theory approach but with different vacuum bare NN interactions [43] . Therefore, the experimental information on the in-medium nuclear effective interactions and properties of nuclear matter at extremely large isospin and high baryon density is of critical importance, and this provides a strong motivation for studying isospin-dependent phenomena with radioactive nuclei at the new/planning rare isotope beam facilities around the world, such as CSR/Lanzhou and BRIF-II/Beijing in China, RIBF/RIKEN in Japan, SPIRAL2/GANIL in France, FAIR/GSI in Germany, SPES/LNL in Italy, RAON in Korea, and FRIB/NSCL and T-REX/TAMU in USA.
In the present contribution, we review the isospin-and momentum-dependent MDI interaction, which has been extensively used in recent years to study heavy ion collisions induced by neutron-rich nuclei, the thermal properties of asymmetric nuclear matter including its liquid-gas phase transition, and the properties of neutron stars. We also review the extended MDI interaction for the baryon octet and its application to hybrid stars as well as the improved MDI interaction with separate density dependence for neutrons and protons which takes into account more accurately the effect of the isospin dependence of in-medium NN interactions. We further highlight some results from these studies with emphasis on the effects of the momentum dependence of nuclear mean-field potential, especially its isovector symmetry potential in asymmetric nuclear matter. These studies demonstrate the importance of both the isospin and momentum dependence of nuclear mean-field potential in asymmetric nuclear matter, and provide useful information on the isospin-and momentumdependent effective interactions in such a matter.
This article is organized as follows. In Section 2, we briefly introduce the nuclear symmetry energy and the nuclear symmetry potential. Section 3 gives some details of the isospin-and momentum-dependent MDI interaction. We then highlight some applications of the MDI interaction in Section 4. In Section 5, the extended MDI interaction for the baryon octet and the improved MDI interaction with separate density dependence for neutrons and protons are reviewed. Finally, a summary is presented in Sections 6.
The symmetry energy and the symmetry potential
For completeness, we include in the following a brief introduction to the nuclear symmetry energy and the nuclear symmetry potential as both are closely linked to the isovector properties of asymmetric nuclear matter. While there are extensive discussions in the literature on the symmetry energy, relatively little attention has been paid to the equally important symmetry potential.
Nuclear symmetry energy
The binding energy per nucleon of an isospin asymmetric nuclear matter with neutron density ρ n and proton density ρ p , i.e., the EOS of the asymmetric nuclear matter can be generally expressed as a power series in the isospin asymmetry δ = (ρ n − ρ p )/ρ (ρ = ρ n + ρ p is the total nucleon density). To the 2nd-order in δ, it can be expressed as E(ρ, δ) = E 0 (ρ) + E sym (ρ)δ 2 + O(δ 4 ),
where E 0 (ρ) = E(ρ, δ = 0) is the binding energy per nucleon of symmetric nuclear matter, and
is the nuclear symmetry energy. The absence of odd-order terms in δ in Eq. (1) is due to the neutron-proton exchange symmetry in nuclear matter when the Coulomb interaction is neglected and the charge symmetry of nuclear forces is assumed. Empirically, the coefficients of higherorder terms in δ are found to be negligible, e.g., the magnitude of the coefficient of δ 4 term at ρ 0 is estimated to be smaller than 1 MeV [10, 11, 18, 44] , compared to ∼ 30 MeV for the coefficient of δ 2 term. Neglecting the contribution from higher-order δ terms in Eq. (1) corresponds to the well-known empirical parabolic law for the EOS of asymmetric nuclear matter, which has been verified by all many-body theory calculations at least for densities up to moderate values [8] . The density-dependent symmetry energy E sym (ρ) can thus be extracted approximately from E sym (ρ) ≈ E(ρ, δ = 1) − E(ρ, δ = 0).
In this sense, the nuclear symmetry energy gives an estimation of the binding energy difference between pure neutron matter and symmetric nuclear matter. It should be noted that the possible presence of higher-order δ terms at supra-saturation densities can significantly modify the proton fraction in β-equilibrium neutron-star matter as well as the critical density for the direct Urca process that causes the faster cooling of neutron stars [44, 45, 46] . In addition, the higher-order δ terms have been shown to be very important in determining the core-crust transition density and pressure in neutron stars [44, 47, 48] . The binding energy per nucleon in symmetric nuclear matter E 0 (ρ) can be expanded around the saturation density ρ 0 as
where χ = (ρ − ρ 0 )/3ρ 0 is a dimensionless variable characterizing the deviations of the density from ρ 0 . The E 0 (ρ 0 ) on the right-hand-side of Eq. (4) is the binding energy per nucleon in symmetric nuclear matter at its saturation density, and the coefficient
is the well-known incompressibility coefficient of symmetric nuclear matter characterizing the curvature of E 0 (ρ) at ρ 0 . Equation (4) represents the parabolic approximation to the EOS of symmetric nuclear matter. According to the definition of the saturation density ρ 0 , there is obviously no linear χ term in Eq. (4) . Similarly, the nuclear symmetry energy E sym (ρ) can also be expanded around ρ 0 as
where L and K sym are, respectively, the slope and curvature parameters of the nuclear symmetry energy at ρ 0 , i.e.,
K sym = 9ρ
The L and K sym characterize the density dependence of the nuclear symmetry energy around the saturation density ρ 0 , and carry important information on both high and low density behaviors of the nuclear symmetry energy [49] . More generally, one can expand the E sym (ρ) around an arbitrary reference density ρ r as E sym (ρ) = E sym (ρ r ) + L(ρ r )χ r + K sym (ρ r ) 2! χ 
with χ r = (ρ − ρ r )/3ρ r , and the slope and curvature parameters of the nuclear symmetry energy at ρ r are then defined, respectively, as
Since different observables may probe different density regions of the symmetry energy, the expansion in Eq. (9) could be very useful in some cases [50] .
Nuclear symmetry potential
The single-nucleon potential U τ (ρ, δ, k) (we take isospin index τ = 1 for neutrons and −1 for protons if not otherwise stated) in asymmetric nuclear matter generally depends on the nuclear matter density ρ, the nuclear matter isospin asymmetry δ, and the magnitude of the nucleon momentum k. Because of the isospin symmetry of nuclear interactions under the exchange of neutrons and protons, the U τ (ρ, δ, k) can be expanded as a power series of δ as [51, 52] 
where U 0 (ρ, k) ≡ U n (ρ, 0, k) = U p (ρ, 0, k) denotes the single-nucleon potential in symmetric nuclear matter and
with U sym,1 (ρ, k) being the well-known nuclear symmetry potential [8] (which is usually denoted by U sym (ρ, k)) and U sym,2 (ρ, k) the second-order nuclear symmetry potential. Neglecting higher-order terms (i.e., δ 2 , δ 3 , · · ·) in Eq. (12) leads to the well-known Lane approximation [53] 
which has been extensively used to approximate the singlenucleon potential in asymmetric nuclear matter. Based on the Lane approximation, the symmetry potential U sym (ρ, k) can be evaluated approximately by [8, 54] 
The nuclear symmetry potential is thus related to the isovector part of the nucleon mean-field potential in asymmetric nuclear matter. Besides the density, the nuclear symmetry potential also depends on the momentum or energy of a nucleon. The nuclear symmetry potential is different from the nuclear symmetry energy since the latter involves the integration of the nucleon mean-field potential over the nucleon momentum. Therefore, the nuclear symmetry energy is a thermodynamic quantity while the nuclear symmetry potential is a dynamical quantity. On the other hand, based on the Hugenholtz-Van Hove theorem, it has been shown [55, 51, 52, 56] that both E sym (ρ) and L(ρ) can be completely and analytically determined from the single-nucleon potential, especially the nuclear symmetry potential. Therefore, the nuclear symmetry energy and the nuclear symmetry potential are intrinsically correlated with each other. Experimentally, the single-nucleon potential (and thus the nuclear symmetry potential) can be obtained from the nucleon optical potential extracted from analyzing the nucleon-nucleus scattering data, (p,n) charge-exchange reactions between isobaric analog states, and single-particle energy levels of bound states. These data provide the possibility to extract information on the isospin dependence of the nucleon optical potential, especially the energy dependence of the nuclear symmetry potential [55, 57, 58] .
Isospin-and momentum-dependent MDI interaction
In this Section, we review in detail the isospin-and momentumdependent MDI interaction and its implementation in the Boltzmann-Uehling-Uhlenbeck (BUU) transport model. Also reviewed are some results on the properties of cold asymmetric nuclear matter obtained with the MDI interaction, such as the symmetry energy, the symmetry potential, the nucleon effective mass, and the in-medium NN elastic scattering cross sections.
The MDI interaction for transport model simulations
The nuclear single-particle potential (nuclear mean-field potential) is a basic input in the one-body transport models for heavy ion collisions, such as the BUU model (See, e.g., Ref. [59] for a review). It is through the nuclear meanfield potential that information on the nuclear matter EOS can be extracted from BUU-like transport model simulations for heavy ion collisions. In general, nuclear meanfield potentials are dependent on nucleon momentum [60, 61, 62, 63, 64, 65] . This is evident from the observed momentum/energy dependence of nucleon optical model potential, and can also be understood through the exchangeterm contribution from the finite-range nuclear force. For transport model simulations for heavy ion collisions, Gale, Bertsch, and Das Gupta (GBD) [66] firstly introduced a parametrization of momentum-dependent mean-field potential in the BUU model. A more realistic parametrization of momentum-dependent mean-field potential, which correctly describes the extreme nonequilibrium situations in the early stage of heavy ion collisions, was later introduced in the BUU model by Welke et al. [67] . It is based on a finite-range nuclear force of the Yukawa form, and has thus been referred to as the momentum-dependent Yukawa interaction (MDYI) [67] .
In original versions of both the GBD interaction and the MDYI interaction, the isospin dependence of nuclear mean-field potentials was neglected. However, the wellknown Lane potential [53] as observed in the momentum/energy dependent nucleon optical model potential clearly demonstrated that the nuclear mean-field potentials should be isospin dependent. Such potentials are expected to be important for transport model simulations of heavy ion collisions induced by extremely neutron(proton)-rich nuclei. Bombaci [68] extended the GBD interaction to include explicitly the isospin dependence, resulting in the BGBD interaction. Similarly, the inclusion of isospin dependence in the more realistic MDYI interaction by Das et al. [69] leads to the so-called MDI interaction, which will be discussed in detail in the following.
The isospin-and momentum-dependent MDI interaction is a generalized isospin-dependent version of the MDYI interaction with its parameters obtained by fitting the single-particle potentials and nuclear matter EOS predicted by the finite-range Gogny effective interaction [69] using the parameter set D1 [61] . In the MDI interaction, the potential energy density V (ρ, δ) of an asymmetric nuclear matter is parameterized as follows [69, 70] :
In the mean-field approximation, Eq. (16) leads to the following single-nucleon potential [69, 70] :
In the above, f τ (r, p) is the nucleon phase-space distribution function at coordinate r and momentum p. While the parameter σ = 4/3 follows that from the Gogny interaction, the other six parameters
, and Λ are obtained by fitting the momentum dependence of single-nucleon potential to that predicted by the Gogny Hartree-Fock (and/or the Brueckner-Hartree-Fock) calculations, the saturation properties of symmetric nuclear matter, and the symmetry energy of 30.5 MeV at nuclear matter saturation density ρ 0 = 0.16 fm −3 [69] . The incompressibility K 0 of cold symmetric nuclear matter at ρ 0 is set to be 211 MeV.
The parameters A u (x) and A l (x) depend on the parameter x according to
with A u0 = A u (x = 0) = −95.98 MeV and A l0 = A l (x = 0) = −120.57 MeV. Varying the value of x allows one to obtain different density dependence of the nuclear symmetry energy while keeping the value of E sym (ρ 0 ) = 30.5 MeV and other properties of symmetric nuclear matter unchanged [70] . It thus can be adjusted to mimic the predictions of microscopic and/or phenomenological manybody theories on the density dependence of nuclear matter symmetry energy. The x parameter can be related to the well-known x 3 parameter in the density-dependent part of the Skyrme (and Gogny) interaction [71] , i.e.,
In Eq. (19) , γ is the density-dependence parameter used to mimic in-medium effects of the many-body interactions (γ = σ − 1), and with γ = 1 it represents an effective density-dependent two-body interaction deduced from a three-body contact interaction in spin-saturated nuclear matter [27] . The x 3 is the spin (isospin)-dependence parameter controlling the relative contributions of the densitydependent term to the total energy in the isospin singlet (T = 0) channel (∝ (1 + x 3 )ρ γ+1 ) and triplet (T = 1) channel (∝ (1 − x 3 )ρ γ+1 ) (see, e.g., Ref. [61] for details). In particular, we note that x 3 = 1 (x 3 = −1) means the density-dependent term only contributes to the T = 0 (T = 1) channel. Therefore, varying x from 1 to −1 in the MDI interaction can cover a large range of uncertainties due to the spin (isospin)-dependence of the in-medium many-body interactions. As a matter of fact, one main reason for the rather divergent density dependence of the nuclear symmetry energy in various Skyrme and/or Gogny Hartree-Fock calculations [72] is due to the different values of x 3 or x parameter [73] . On the other hand, it should be pointed out that the parameter x or x 3 does not affect the EOS of symmetric nuclear matter since its contributions from T = 0 and T = 1 channels are exactly canceled, i.e.,
. Also, by the construction in Eq. (18), the x or x 3 parameter does not change the symmetry energy value at ρ 0 from the MDI interaction either. As to the parameter B, it is related to the t 3 term in the Skyrme (and Gogny) effective interaction via B = t 3 (σ + 1)ρ σ 0 /16, and particularly we have B = 106.35 MeV in the MDI interaction.
The last two terms in Eq. (17) represent the momentum dependence of the single-nucleon potential. The momentum dependence of the symmetry potential comes from the different interaction strength parameters C l and C u for a nucleon of isospin τ interacting, respectively, with like and unlike nucleons in the nuclear matter. In particular, we have C l = −11.7 MeV and C u = −103.4 MeV in the MDI interaction.
As shown in Ref. [74] , an explicit form for an NN interaction, which leads to a potential energy density similar to that given in Eq. (16) for the MDI interaction, can be obtained by assuming that the interaction potential between two nucleons located at r 1 and r 2 has the following form:
The above interaction has the same form as the Gogny interaction [61, 69] except that the two finite-range Gaussian terms in the Gogny interaction are replaced by a single Yukawa form. We would like to point out that a more general finite-range effective NN interaction, which has all the four spin-parity components, i.e., singlet-even (SE), triplet-even (TE), singlet-odd (SO) and triplet-odd (TO) as well as more general forms for the finite-range terms such as Yukawa, Gaussian and exponential, has been proposed in Ref. [65] and applied to study the momentum and density dependence of the nuclear mean-field potential in symmetric nuclear matter as well as the corresponding EOS. The same formalism has been subsequently applied to systematically investigate neutron and proton meanfield potentials, the thermodynamic properties of highly isospin asymmetric nuclear matter, and the properties of neutron stars [75, 76, 77, 78] . The eight parameters (including x 3 ) in the above NN interaction (i.e., Eq. (21)) can be uniquely related to the eight parameters (including x) in the MDI interaction (see the energy density functional of Eq. (16)) through the following relations:
with
It should be mentioned that the MDI interaction has been extensively applied in the transport model simulations for studying isospin effects in intermediate-energy heavy ion collisions induced by neutron-rich nuclei [70, 79, 80, 81, 82, 83, 84, 85, 86, 87] as well as the study on the thermal properties of asymmetric nuclear matter [88, 89, 90] and the properties of neutron stars [47, 48] . We will highlight some results in the following.
Cold asymmetric nuclear matter with the MDI interaction
Although the nucleon phase space distribution function f τ (r, p) in Eq. (16) and Eq. (17) is for nuclear matter not necessary in equilibrium, it is instructive to examine the equilibrium case. For cold nuclear matter at zero temperature, one has f τ (r, p) =
being the Fermi momentum of nucleons of isospin τ in asymmetric nuclear matter, and the integrals in Eqs. (16) and (17) can be analytically evaluated [69, 91] , leading to
and
The kinetic energy contribution to the binding energy per nucleon in cold asymmetric nuclear matter can be obtained as
and the total binding energy per nucleon of cold asymmetric nuclear matter then can be expressed as
By setting ρ n = ρ p = ρ/2 and p F n = p F p = p F , one obtains the following EOS of cold symmetric nuclear matter:
It should be mentioned that, as expected, the E 0 (ρ) is independent of the parameter x since A l (x) + A u (x) = A l0 + A u0 = −216.55 MeV is a constant according to Eq. (18) .
By definition, the symmetry energy can be obtained as
Since A l (x)−A u (x) = A l0 −A u0 +4Bx/(σ+1) according to Eq. (18), the E sym (ρ) depends linearly on the parameter x at a given density except ρ 0 where the symmetry energy is independent of x and its value is fixed by construction. As an example, we show in Fig. 1 the density dependence of the symmetry energy in the MDI interaction with x = 1, 0, −1, and −2. As expected, one can see that varying the value of x in the MDI interaction leads to a very broad range of the density dependence of the nuclear symmetry energy, similar to those predicted by various microscopic and phenomenological many-body approaches. The single-nucleon potential for a nucleon of momentum p and isospin τ in cold asymmetric nuclear matter can be expressed as
In cold symmetric nuclear matter with ρ n = ρ p = ρ/2, the single-nucleon potential thus is
and the nuclear symmetry potential by definition (i.e., Eq. (13)) is Fig. 2 is the momentum dependence of U sym,1 (ρ, k) (i.e., U sym (ρ, k)) at ρ = 0.5ρ 0 , ρ 0 , and 2ρ 0 in the MDI interaction with x = −1, 0, and 1. For comparison, we also include in Fig. 2 corresponding results from several microscopic approaches, including the non-relativistic BruecknerHartree-Fock (BHF) theory with and without the rearrangement contribution from the three-body force (TBF) [92] , the relativistic Dirac-Brueckner-Hartree-Fock (DBHF) theory [93] , and the relativistic impulse approximation (RIA) [94, 95] using the empirical NN scattering amplitude determined by Murdock and Horowitz (MH) [96] as well as by McNeil, Ray, and Wallace (MRW) [97] with isospindependent and isospin-independent Pauli blocking corrections. It is seen that these microscopic results are essentially consistent with each other around and below ρ 0 although large uncertainties still exist at higher density ρ = 2ρ 0 . It is interesting to note that the U sym (ρ, k) from the MDI interaction with x = 0, which decreases with the nucleon momentum, is in good agreement with the results from the microscopic approaches at all densities shown in Fig. 2 .
Shown in

Nucleon effective mass and in-medium nucleon-nucleon scattering cross section with the MDI interaction
The nucleon effective mass is an important physical quantity that reflects the momentum dependence of the nuclear mean-field potential in nuclear matter. In isospin asymmetric nuclear matter, the nucleon effective mass m * τ is given by m * τ m τ = 1 + m τ p dU τ dp
and it can be different for protons and nucleons. It normally depends on the density and isospin asymmetry of the medium as well as the momentum of the nucleon [98, 99, 100] . The well-known Landau mass which is related to the Landau parameter f 1 of a Fermi liquid [98, 99, 100] corresponds to the nucleon effective mass evaluated at the Fermi momentum p τ = p F,τ in Eq. (39) . A detailed discussion about different kinds of effective masses can be found in Refs. [98, 91] . It should be mentioned that the nucleon effective masses from the MDI interaction are independent of the x parameter because the momentumdependent part of the single-nucleon potential in Eq. (17) is independent of the parameter x. Figure 3 displays the results from the MDI interaction for the effective masses of neutrons and protons in cold asymmetric nuclear matter at their respective Fermi surfaces (i.e., Landau mass) as functions of density (upper window) and isospin asymmetry (lower window). One can see that the neutron has a larger effective mass than the proton in neutron-rich matter and the effective mass splitting between them increases with both the density and isospin asymmetry of the nuclear medium. It should be noted that the neutron-proton effective mass splitting is related to the momentum dependence of the symmetry potential [54, 55] . The larger neutron effective mass than proton effective mass in neutron-rich matter essentially reflects the fact that the symmetry potential decreases with nucleon momentum as shown in Fig. 2 , which is consistent with calculations from many phenomenological and microscopic models, see, e.g., Refs. [12, 100, 101, 102, 103, 104] as well as the symmetry potential extracted from empirical isospin-dependent optical model potentials [55, 57, 105] . Besides the mean-field potential, another basic component in transport models is the NN scattering cross sections. In principle, both nuclear mean-field potentials and NN scattering cross sections should be determined self-consistently from the same interaction. In practice, however, due to the complexity of the problem, the nuclear mean-field potentials and NN scattering cross sections are usually modeled separately in transport model simulations of heavy ion collisions. Especially, the experimental free space NN scattering cross sections (or with simple constant or local density-dependent scalings) are usually used in many transport model simulations. In the IBUU04 transport model, the option of using in-medium NN cross sections is included by extending the effective mass scaling model [106, 107, 108] to isospin asymmetric matter using the isospin-and momentum-dependent MDI interaction. In the effective mass scaling model, the NN interaction matrix elements in the medium are assumed to be the same as that in free-space. The NN cross sections in the medium (σ medium N N ) thus differ from those in free space (σ free N N ) only due to the difference in the incoming current in the initial state and the density of states in the final state. Since both depend on the effective masses of a colliding nucleon pair, the NN cross sections are thus reduced in the medium by the factor
where µ N N and µ * N N are, respectively, the reduced masses of the colliding nucleon pair in free-space and in the medium.
It should be pointed out that the scaling of σ
in Eq. (40) is consistent with calculations based on the DBHF theory [109] for colliding nucleon pairs with relative momenta less than about 240 MeV/c at densities less than about 2ρ 0 . This provides a strong support for the effective mass scaling model in the limited density and momentum ranges, and the scaling model to elastic NN scatterings can thus be safely applied in the transport model simulations for heavy-ion collisions at beam energies up to about the pion production threshold. For heavy-ion collisions at higher energies, inelastic reaction channels become important and in-medium effects on these channels have been a subject of much interest [110, 111, 112] . In the IBUU04 model, the experimental free-space cross sections are, however, used for the inelastic channels. In transport model simulations of heavy-ion collisions, the nucleon effective masses used to obtain the in-medium NN cross sections within the effective mass scaling model have to be evaluated dynamically in the evolving medium created during the collisions [83] . As an example of a simplified case, it is instructive to see the in-medium NN cross sections in cold asymmetric nuclear matter in equilibrium. In this case, the nucleon effective mass can be obtained analytically and analytical expressions of the medium reduction factor R medium can thus also be obtained, albeit lengthy. Shown in Fig. 4 is the reduction factor R medium for two colliding nucleons having the same magnitude of momentum p as a function of density (upper window), isospin asymmetry (middle window), and the nucleon momentum (bottom window). It is interesting to see that not only the in-medium NN cross sections are reduced compared with their free-space values, but the nn cross sections are larger than the pp cross sections in the neutronrich matter although their free-space values are the same. Moreover, the difference between the nn and pp scattering cross sections becomes larger in more neutron-rich matter. The larger in-medium cross sections for nn scatterings than for pp scatterings in neutron-rich matter are completely due to the positive n-p effective mass splitting in neutron-rich matter with the MDI interaction as shown in Fig. 3 . This feature provides a potential probe of the n-p effective mass splitting in neutron-rich matter and can be studied in heavy ion collisions induced by neutron-rich nuclei. It should be noted that the in-medium NN cross sections are also independent of the x parameter in the MDI interaction and they are solely determined by the nucleon effective masses through the momentum dependence of the single-nucleon potential used in the effective mass scaling model.
Applications of the isospin-and momentum-dependent MDI interaction
In this Section, we highlight some applications of the MDI interaction in studying heavy ion collisions based on transport model simulations, the thermal properties of asymmetric nuclear matter, and the properties of neutron stars. These studies have allowed us to extract many useful information about the isospin and momentum dependence of the in-medium nuclear effective interaction.
Heavy ion collisions
The first application of the MDI interaction was done by Li et al. [79] in BUU transport model simulations of heavy ion collisions induced by neutron-rich nuclei at intermediate energies. They found that the symmetry potentials with and without the momentum dependence but corresponding to the same density-dependent symmetry energy would lead to significantly different predictions on several symmetry energy sensitive experimental observables. The momentum dependence of the symmetry potential is thus very important for exploring accurately the EOS and properties of dense neutron-rich matter. Since then, the BUU transport model with the MDI interaction has been extensively used for investigating the isospin effects in heavy ion collisions and for extracting information on the density dependence of the symmetry energy (See, e.g., Ref. [8] ). The BUU transport model with the MDI interaction has also been applied to constrain the high-density behaviors of the symmetry energy by analyzing the FOPI data on charged pion ratio in heavy ion collisions [113, 114, 115] as well as photon production in those collisions [116] (See, also Ref. [117] ). In this subsection, we only highlight two of these extensive studies, i.e., the isospin diffusion/transport and t/ 3 He ratio, with emphasis on the importance of the momentum dependence of the meanfield potential, especially the momentum dependence of the symmetry potential in heavy ion collisions induced by neutron-rich nuclei.
Isospin diffusion/transport
One important application [70] of the MDI interaction is the analysis of the isospin diffusion (transport) data from NSCL-MSU [118] within the IBUU04 transport model. Experimentally, the degree of isospin diffusion between the projectile nucleus A and the target nucleus B can be studied via the physical quantity R i [119, 118] defined as
where X is an isospin-sensitive observable. One can see that the value of R i is 1 (−1) for symmetric A+A (B +B) reaction by construction. If isospin equilibrium is reached during the collision due to isospin diffusion, the value of R i becomes about zero. In the NSCL/MSU experiments with A = 124 Sn and B = 112 Sn at a beam energy of 50 MeV/nucleon and an impact parameter about 6 fm, the isospin asymmetry of the projectile-like residue was used as the isospin tracer X [118] . Shown in Fig. 5 is the degree of the isospin diffusion 1 − R i as a function of the slope L of the symmetry energy at saturation density obtained from the IBUU04 transport model with different mean-field potentials and NN cross sections, i.e., the MDI interaction with in-medium NN cross sections that are consistent with the mean-field potential obtained with the MDI interactions via the effective mass scaling model (MDI + σ med ), the MDI interaction with free-space experimental NN cross sections (MDI + σ exp ), and the momentum-independent soft BertschKruse-Das Gupta (SBKD) [120] mean-field potential with free-space experimental NN cross sections. For the momentumindependent SBKD mean-field potential, the momentumindependent symmetry potential obtained from the same density-dependent symmetry energy with different x values has been used [70] . The shaded band in Fig. 5 indicates the data from NSCL/MSU [118] . It is seen from Fig. 5 that for the SBKD interaction without momentum dependence, the isospin diffusion decreases monotonically (i.e., increasing value for R i ) with increasing L. The isospin diffusion is reduced when the isospin-and momentumdependent MDI interaction (with σ exp ) is used because the momentum dependence weakens the strength of symmetry potential except for x = −2. As seen in Fig. 3 of Ref. [70] , the symmetry potential in the MDI interaction has the smallest strength for x = −1 as it is close to zero at k ≈ 1.5 fm −1 and ρ/ρ 0 ≈ 0.5, and increases again with further stiffening of the symmetry energy, e.g., x = −2, when it becomes largely negative at all momenta and densities. The MDI interaction with x = −1 thus gives the smallest degree of isospin diffusion among the interactions considered and reproduces the MSU data. If the isoscalar part of the SBKD potential is replaced with the momentum-dependent (but isospin-independent) MDYI potential, which has a similar K 0 as those for the MDI and SBKD interactions, the resulting R i = 0.37 ± 0.07 is close to that obtained in the MDI interaction (R i = 0.44±0.05) with x = −1, implying that the momentum dependence of the symmetry potential introduced in the MDI interaction leads to about 16% variation for the isospin diffusion.
Furthermore, one can see from Fig. 5 that the difference in 1 − R i obtained with the free-space (MDI + σ exp ) and the in-medium (MDI + σ med ) NN cross sections using the same MDI interaction is about the same for x = −2 and x = −1, but becomes especially large at x = 0 and x = 1. As pointed out in Ref. [83] , these results can be understood by considering contributions from the symmetry potential and the np scatterings. Schematically, the mean-field contribution is proportional to the product of the isospin asymmetric force F np and the inverse of the np scattering cross section σ np [121] . While the collisional contribution is proportional to σ np , the overall effect of NN cross sections on isospin diffusion is a result of a complicated combination of the effects due to both the nuclear mean field and NN scatterings. Generally speaking, while the symmetry potential effects on the isospin diffusion become weaker when the NN cross sections are larger, the symmetry potential effects would show up more clearly if NN cross sections are smaller.
From comparison of the theoretical results with MDI + σ med to the data, one can extract a value of L = 88 ± 25 MeV, shown by the solid star with error bar in Fig. 5 . This value (and E sym (ρ 0 ) = 31.6 MeV) has been obtained with the parabolic approximation (i.e., Eq (3)) for the symmetry energy. Without using the parabolic approximation, the constraint changes slightly to L = 86 ± 25 MeV with E sym (ρ 0 ) = 30.5 MeV. This nuclear symmetry energy is significantly softer than the prediction by transport model simulation with a momentum-independent interaction [118] but is in agreement with a number of microscopic theoretical calculations. These results indicate that the isospin diffusion in heavy ion collisions indeed provides a sensitive probe of the isospin-and momentumdependent nuclear effective interaction and corresponding in-medium NN scattering cross sections.
t/ 3 He ratio
While the neutron/proton ratios of preequilibrium nucleons [122] and squeezed-out nucleons [87] in heavy ion collisions induced by neutron-rich nuclei have been shown to be sensitive probes of the density dependence of the symmetry energy, they suffer from some practical difficulties since it is hard to measure neutrons accurately in experiments. On the other hand, for light charged clusters such as deutron (d), triton (t), and 3 He, their yields and ratios have also been shown to be sensitive to the density dependence of the symmetry energy [123, 80] , and compared to neutrons they can be measured much easier in experiments.
Light cluster production has been extensively investigated in experiments involving heavy ion collisions at all energies (see, e.g., Ref. [124] for a review). A popular model for describing the production of light clusters in these collisions is the coalescence model, e.g., see Ref. [125] for a theoretical review, which has been used at both intermediate [126, 127, 128, 129] and high energies [130, 131] . In this model, the cluster production probability is determined by the overlap of its Wigner phase-space density with the phase-space distribution of nucleons at freeze out in a heavy ion collision. Explicitly, the multiplicity of an M -nucleon cluster is given by [130] 
In the above, G is the spin-isospin statistical factor for the cluster [132] ; r i1 , · · · , r iM−1 and q i1 , · · · , q iM−1 are, respectively, the M − 1 relative coordinates and momenta taken at equal time in the rest frame of the M nucleons; ρ W i is the Wigner phase-space density of the M -nucleon cluster; and · · · means event averaging. Details about such calculation can be found in Ref. [123] . 
The isobaric yield ratio t/
3 He is less dependent on the isoscalar properties of the nuclear mean-field potential and also less affected by other effects, such as the feedback from heavy fragment evaporation and from excited triton and 3 He states produced in heavy ion collisions, and thus provides a good probe of the density dependence of the symmetry energy [123, 80] . Shown in Fig. 6 is the t/ 3 He ratio as a function of cluster kinetic energy (in the centerof-mass system) from central collisions of 52 Ca + 48 Ca at E = 80 MeV/nucleon by using the SBKD (left panel), MDYI (middle panel), and MDI (right panel) interactions with the soft (solid squares) and stiff (open squares) symmetry energies. Here, the soft (stiff) symmetry energy from the SBKD or MDYI interaction corresponds to the same density-dependent symmetry energy obtained from the MDI interaction with x = 1(−2). For all cases, the free-space experimental NN cross sections are used. It is seen from Fig. 6 that for all nuclear interactions the ratio t/ 3 He exhibits very different energy dependence for different symmetry energies. While the t/ 3 He ratio decreases and/or increase weakly with kinetic energy for the stiff symmetry energy, it increases with kinetic energy for the soft symmetry energy. For both stiff and soft symmetry energies, the value of t/ 3 He ratio is larger than that of the neutron to proton ratio of the whole reaction system, i.e., N/Z= 1.5, consistent with results from both experiments and the statistical model calculations for other reaction systems and incident energies [133, 134, 135, 136, 137] .
It is interesting to note that for the isospin-and momentumdependent MDI interaction, the t/ 3 He ratio displays very different energy dependence for the soft and stiff symmetry energies, although their individual yields are not so sensitive to the density dependence of symmetry energy [123, 80] . This is related to the different momentumdependent symmetry potentials at different densities in the MDI interaction. Also, one can see from comparing Fig. 6 (a) and (b) that the momentum dependence of the isoscalar potential has obvious effects on the energy dependence of the t/ 3 He ratio. These results indicate that the energy dependence of the t/ 3 He ratio in heavy ion collisions induced by neutron-rich nuclei indeed provides a sensitive probe of the isospin-and momentum-dependent single-nucleon potential in asymmetric nuclear matter.
Thermal properties of asymmetric nuclear matter
While the exact knowledge on the symmetry energy at zero temperature is important for understanding ground state properties of exotic nuclei and properties of old neutron stars at β-equilibrium, the symmetry energy or symmetry free energy at finite temperature is important for determining the liquid-gas phase transition of asymmetric nuclear matter, the dynamical evolution of compact stars, and the explosion mechanisms of supernova [88, 90, 138, 139, 140, 141, 142, 143, 144] .
For an asymmetric nuclear matter at thermal equilibrium with a finite temperature T , the nucleon phase space distribution function becomes the Fermi-Dirac distribution
where µ τ is the chemical potential of proton or neutron and can be obtained from
For fixed density ρ, isospin asymmetry δ, and temperature T , the chemical potential µ τ and the nucleon distribution function f τ (r, p) can be determined numerically by a self-consistency iteration recipe [145, 88] . The energy per nucleon E(ρ, T, δ) can then be obtained as
while the entropy per nucleon S τ (ρ, T, δ) is
(46) with the occupation probability
Correspondingly, the free energy per nucleon F (ρ, T, δ) and the pressure P (ρ, T, δ) of the thermal equilibrium asymmetric nuclear matter can be obtained from the thermodynamic relations,
As in the situation of zero temperature, phenomenological and microscopic studies [138, 139] have shown that the EOS of hot neutron-rich matter at density ρ, isospin asymmetry δ, and temperature T , can also be written as a parabolic function of δ, i.e.,
. (50) The density-and temperature-dependent symmetry energy E sym (ρ, T ) for hot neutron-rich matter can thus be extracted from E sym (ρ, T ) ≈ E(ρ, T, δ = 1) − E(ρ, T, δ = 0). Similarly, one can define the density and temperature dependent symmetry free energy F sym (ρ, T ) by the following parabolic approximation to the free energy per nucleon:
The above parabolic approximation to the free energy per nucleon has been shown to be a good approximation [88, 90] , and this leads to Fig. 7 is the temperature dependence of the symmetry energy E sym (ρ, T ) as well as its potential and kinetic energy parts in the MDI, MID, and eMDYI interactions with x = 0 at ρ = 1.0ρ 0 , 0.5ρ 0 , and 0.1ρ 0 . The results are similar for other x values such as x = −1. We note that the MID interaction corresponds to the momentum-independent BKD energy density functional while the eMDYI interaction corresponds to the isoscalar momentum-dependent MDYI energy density functional but with their parameters refitted to the density-dependent EOS from the MDI interaction (See Ref. [88, 89, 90] for details). In the eMDYI interaction, the resulting singlenucleon potential is momentum dependent but its momentum dependence is isospin independent. Comparing the eMDYI results with those from the MDI interaction, one can extract information about the effects of the momentum dependence of the symmetry potential, while the effects of the momentum dependence of the isoscalar part of the single-nucleon potential can be investigated by comparing the eMDYI results with those from the MID interaction.
Shown in
For the MDI interaction, one can see from Fig. 7 that both the total symmetry energy E sym (ρ, T ) and its potential energy part decrease with increasing temperature at all three considered densities. The kinetic contribution, on the other hand, increases slightly with increasing temperature at low temperatures and then decreases with increasing temperature at high temperatures for ρ = 1.0ρ 0 and 0.5ρ 0 , while it decreases monotonically for ρ = 0.1ρ 0 . These features are uniquely determined by the isospin and momentum dependence in the MDI interaction. For MID and eMDYI interactions, the kinetic part of the total symmetry energy decreases with increasing temperature at all considered densities, while the potential part is independent of temperature and has the same value for the MID and eMDYI interactions. These results indicate that the temperature dependence of the total symmetry energy is due to both the potential and kinetic contributions for the MDI interaction, but it is only due to the kinetic contribution for the MID and eMDYI interactions.
The decrement of the kinetic energy part of the symmetry energy with temperature at very low densities is consistent with the results from the free Fermi gas model at high temperatures and/or very low densities [140, 146, 147, 141] . Also, the temperature dependence of the total symmetry energy E sym (ρ, T ) is quite similar for all three interactions except that the MDI interaction displays a slightly stronger temperature dependence at higher temperatures. This is due to the fact that the nucleon phasespace distribution function varies self-consistently whether the single-nucleon potential is momentum dependent or not. As shown in Ref. [141] , both the potential and kinetic parts of the symmetry energy E sym (ρ, T ) also decrease with temperature for all considered densities when using the isospin-and momentum-dependent BGBD interaction. The different temperature dependence of the potential and kinetic parts of the symmetry energy between the MDI and BGBD interaction is due to the fact that the MDI and BGBD interactions have different forms for the energy density functional with the MDI interaction having a more complicated momentum dependence in the single-nucleon potential as mentioned earlier. This feature implies that the temperature dependence of the potential and kinetic parts of the symmetry energy depends on the isospin and momentum dependence of the in-medium nuclear effective interactions.
Experimentally, it is still a big challenge to determine the temperature dependence of the symmetry energy or symmetry free energy. It has been found both experimentally and theoretically that in many types of reactions the yield ratio R 21 (N, Z) of a fragment with proton number Z and neutron number N from two reactions reaching about the same temperature T respects an exponential relationship R 21 (N, Z) ∝ exp(αN ) [148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159] . In particular, it has been shown in several statistical and dynamical models under some assumptions [155, 156, 157] that the scaling coefficient α can be related to the symmetry energy C sym (ρ, T ) via
where
difference between the two fragmenting sources created in the two reactions. As pointed out in Ref. [140] , because of the different assumptions used in the various derivations, the validity of Eq. (52) is still under debate as to whether and when the C sym is actually the symmetry energy or the symmetry free energy. In addition, the physical interpretation for C sym (ρ, T ) is also controversial, sometimes even contradictory, in the literature. The main issue is whether the C sym measures the symmetry (free) energy of the fragmenting source or that of the fragments formed at freezeout. This ambiguity also comes from the fact that the derivation of Eq. (52) is not unique. In particular, within the grand canonical statistical model for multifragmentation [155, 156] , the C sym is identified as the symmetry energy of primary fragments. While within the sequential Weisskopf model in the grand canonical limit [155] , it refers to the symmetry energy of the emission source. Following the arguments in Ref. [140] , we assume here that the C sym reflects the symmetry energy of bulk nuclear matter for the emission source. The temperature dependence of the symmetry energy has been studied based on a simplified degenerate Fermi gas model [140] , and it was shown that the experimentally observed decrease of the symmetry energy with the increasing excitation energy or centrality in isotopic scaling analyses of heavy ion collisions can be well understood analytically within the degenerate Fermi gas model. In particular, it was found that the evolution of the symmetry energy extracted from the isotopic scaling analysis is mainly due to the variation in the freeze-out density rather than the temperature when fragments are emitted in the reactions.
Shown in Fig. 8 is the symmetry energy E sym (ρ, T ) and symmetry free energy F sym (ρ, T ) as functions of temperature using the more realistic MDI interaction with x = 0 and −1 at different densities from 0.1ρ 0 to ρ 0 . One can see that while the symmetry energy E sym (ρ, T ) deceases slightly with increasing temperature at a given density, the symmetry free energy F sym (ρ, T ) increases instead. Around the saturation density ρ 0 , the difference between the symmetry energy E sym (ρ, T ) and the symmetry free energy F sym (ρ, T ) is quite small compared with their values at T = 0 MeV. This feature supports the assumption on identifying C sym (ρ, T ) to E sym (ρ, T ) at lower temperatures and not so low densities [149, 150, 151] . On the other hand, the symmetry free energy F sym (ρ, T ) at low densities displays a stronger temperature dependence, and it is significantly larger than the symmetry energy E sym (ρ, T ) at moderate and high temperatures. This can be understood from the fact that the entropy contribution to the symmetry free energy F sym (ρ, T ) becomes important at low densities. We would like to point out that the entropy and thus the symmetry free energy at low densities are affected strongly by the formation of clusters [154, 160, 161, 162] , which are not considered here in the mean-field calculations.
Liquid-gas phase transition of asymmetric nuclear matter
The feature of short-range repulsion and long-range attraction in the nucleon-nucleon interaction has led to the expectation that the liquid-gas (LG) phase transition should also exist in nuclear matter. Since the early work, see, e.g., Refs. [163, 164, 165, 166] , a lot of studies have been devoted to investigating the properties of the nuclear LG phase transition both experimentally and theoretically during the past three decades (see, e.g., Refs. [167, 168, 169] for a recent review). Most of these investigations focused on studying features of the LG phase transition in symmetric nuclear matter. Theoretically, new features of the LG phase transition in isospin asymmetric nuclear matter are expected. In particular, because of the two conserved charges of baryon number and isospin due to the two components of protons and neutrons in an asymmetric nuclear matter, the LG phase transition has been suggested to be of second order [170] . Since the isovector nuclear interaction and the density dependence of the nuclear symmetry energy play a central role in understanding the thermal properties of asymmetric nuclear matter [169, 1, 2] , it is therefore of great interest to investigate how the isospin and momentum dependence of the nuclear effective in-teractions affect the LG phase transition in asymmetric nuclear matter. According to the Gibbs conditions for the phase coexistence of the LG phase transition, the two-phase coexistence equations in hot asymmetric nuclear matter can be expressed as
where L (G) stands for the liquid (gas) phase. The Gibbs phase equilibrium conditions require equal pressures and chemical potentials for two phases with different densities and isospin asymmetries. For a fixed pressure, the two solutions form the edges of a rectangle in the neutron and proton chemical potential isobars as a function of isospin asymmetry δ, and this can be found through the geometrical construction method [170, 171, 89] . For each interaction, the two different values of δ correspond to two different phases with different densities, and the higher density phase (with smaller δ value) defines the liquid phase while the lower density phase (with larger δ value) defines the gas phase. The binodal surface then can be obtained with all such pairs of δ(T, P ) and δ ′ (T, P ). Fig. 9 is the section of binodal surface at T = 5, 10, and 15 MeV in the P -δ plane from the MDI, MID, and eMDYI interactions with x = 0 and x = −1. The critical pressure (CP) and the limiting pressure (LP) as well as the equal concentration (EC) and the maximal asymmetry (MA) points are also indicated in Fig. 9 . One can see that for the MDI and MID interactions the binodal surface has a critical pressure, while for the eMDYI interaction the binodal surface is cut off by a limit pressure which is due to the specific momentum dependence in the eMDYI interaction as discussed in Ref. [89] . There is no phase-coexistence region above the critical pressure or below the pressure of equal concentration point. Moreover, the right side of the binodal surface is the region of gas phase while the left side is the region of liquid phase, and the inside of the surface corresponds to the phasecoexistence region.
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It is seen from Fig. 9 that the stiffness of the symmetry energy significantly affects the critical pressure, with a softer symmetry energy (x = 0) giving a higher critical pressure and a larger area of phase-coexistence region. For the limit pressure from the eMDYI interaction, this holds true at T = 10 MeV and T = 15 MeV, but the opposite result is observed at T = 5 MeV. Comparing the results from the MDI interaction to those from the MID interactions, one can see that the isospin and momentum dependence of the nuclear effective interaction in the MDI interaction seems to increase the critical pressure by a larger amount. In addition, at T = 5 MeV and T = 10 MeV, the area of phase-coexistence region for the MID interaction is smaller than that for the MDI interaction, but the opposite result is obtained at T = 15 MeV.
Differential isospin fractionation
As pointed out above, the lower density gas phase is more neutron-rich than the coexisting liquid phase. This feature leads to the so-called isospin fractionation (IsoF) phenomenon that has been observed in heavy ion reaction experiments, see, e.g., Ref. [172] . The nonequal partition of the system's isospin asymmetry, i.e., the IsoF, has been found to be a general phenomenon in essentially all thermodynamical models and transport model simulations of heavy ion collisions (see, e.g., Refs. [8, 167, 168, 5] for reviews ).
In almost all existing theoretical and experimental studies on IsoF in the literature, only the ratio between all neutrons and protons in the liquid or the gas phase was considered, which is normally referred to as the integrated IsoF. On the other hand, it has been shown [173] that completely new and very interesting physics can be revealed from the differential IsoF that takes consideration of the nucleon momentum dependence of the neutron/proton ratio in the liquid or the gas phase. For energetic nucleons, with their differential IsoF very sensitive to the momentum dependence of the symmetry potential, the nucleon phase-space distribution function f τ can be well approximated by the Boltzmann distribution. For these nucleons in either the liquid (L) or gas (G) phase, the neutron/proton ratio can be expressed as
The energy difference of neutrons and protons having the same kinetic energy and mass, i.e.,
is directly linked to the symmetry potential U sym . Because of the chemical equilibrium conditions given in Eqs. (54) and (55), the chemical potentials cancel out exactly in the double neutron/proton ratio and this leads to
(58) This general expression clearly indicates that the differential IsoF for energetic nucleons can carry direct information on the momentum dependence of the symmetry potential. As an example, a typical section of the binodal surface at T = 10 MeV is shown in the left window of Fig. 10 using the MDI interaction with x = 0 and x = −1. The integrated IsoF phenomenon with a more neutron-rich gas phase is clearly observed. Moreover, one can see that the stiffer symmetry energy (x = −1) significantly lowers the critical point (CP). When the pressure is less than than about P = 0.12 MeV/fm 3 , the magnitude of the integrated IsoF becomes, however, essentially independent of the stiffness of the symmetry energy.
To demonstrate the advantages of the differential IsoF analyses over the integrated ones, we study the differential IsoF at T = 10 MeV and P = 0.1 MeV/fm 3 for which the integrated IsoF is essentially independent of the x parameter as seen in the left window of Fig. 10 . Shown in the right window of Fig. 10 are the double neutron/proton ratios in the gas and liquid phases (n/p)G (n/p)L (p) as a function of nucleon momentum or kinetic energy, i.e., the differential IsoFs, for both x = 0 and x = −1 in the MDI interaction. Interestingly, one can see that the double neutron/proton ratios in both cases exhibit a strong momentum dependence. In addition, while the integrated double neutron/proton ratios of 4.65 (x = 0) and 5.07 (x = −1) are very close to each other, the differential IsoF for nucleons with kinetic energies higher than about 50 MeV is very sensitive to the x values used for the density dependence of the symmetry energy. Furthermore, it is surprising to see that the IsoF for x = 0 becomes less than one for nucleons with kinetic energies higher than about 220 MeV, and this means there are more energetic neutrons than protons in the liquid phase compared to the gas phase.
Experimentally, it could be a big challenge to measure the differential IsoF because the momentum distribution of the neutron/proton ratio in the liquid phase may not be directly measured since only free nucleons and bound nuclei in their ground states at the end of the collisions can be detected in heavy ion collisions. Nevertheless, precursors and/or residues of the effects due to the differential IsoF may still be detectable in heavy ion collisions induced by radioactive beams [173] . While it may be very challenging to test experimentally the predictions of the differential IsoF, future comparisons with experimental data will allow us to extract critical information on the nuclear symmetry potential, especially its momentum dependence, and thus give deeper insight on the isospin-and momentum-dependent effective interactions.
The inner edge of neutron star crust
Neutrons stars provide an excellent site to explore the properties of nuclear matter at extreme isospin conditions and thus become an imprtant astrophysical laboratory to investigate the isospin-and momentum-dependent inmedium nuclear effective interactions. In the present section, we highlight some results obtained with the MDI interaction on the location of the inner edge of neutron star crust. The latter separates the liquid core from the inner crust in neutron stars, and it plays an important role in determining the structural properties of neutron stars such as the crustal fraction of total moment of inertia and the mass-radius relations of static neutron stars [3] .
The transition density ρ t at the inner edge of neutron star crust can be determined from comparing relevant properties of the nonuniform solid crust and the uniform liquid core. This is, however, very difficult in practice since the inner crust may contain the so-called "nuclear pasta" with very complicated geometries [3, 174, 175, 176, 177] . A good approximation used in the determination of ρ t is to search for the density at which the uniform liquid first becomes unstable against small amplitude density fluctuations with clusterization. This approximation has been shown to give a very small error for the actual core-crust transition density, and it would produce the exact transition density for a second-order phase transition [178, 179, 180, 181] . In the literature, several such methods, including the thermodynamical method [182, 183, 184] , the dynamical curvature matrix method [178, 179, 185, 186, 187, 188, 189] , the Vlasov equation method [167, 190, 191, 192, 193] , and the random phase approximation (RPA) [194, 181, 191] , have been used extensively. Once the ρ t is determined, one can easily obtain the pressure P t at the inner edge, which is also an important quantity and might be measurable indirectly from observations of pulsar glitches [183, 195] . In the following, we briefly introduce the dynamical (curvature matrix) method and present some results obtained with this method. In the dynamical method, a homogeneous npe matter will be stable against small periodic density perturbations with clusterization if the following condition can be satisfied [178, 185, 186, 187, 188] 
In the above expressions, µ i is the chemical potential of particle i and k is the wavevector of the spatially periodic density perturbations. The three terms in Eq. (59) represent the contributions from the bulk nuclear matter, the density gradient (surface) terms, and the Coulomb interaction, respectively. D np = D pn and D pp = D nn are coefficients of density gradient terms. The V dyn (k) has the minimal value of [185, 186, 187, 178, 188] . The density at which V dyn (k min ) vanishes then corresponds to the ρ t . Shown in Fig. 11 are the ρ t and the corresponding P t as functions of the slope parameter L of the symmetry energy using the dynamical methods with the MDI interaction by varying x and 51 Skyrme forces (See Ref. [48] for the details of the 51 Skyrme forces). For comparisons, we have included results with the full EOS and its parabolic approximation (PA), i.e., E(ρ, δ) = E(ρ, δ = 0)+E sym (ρ)δ 2 + O(δ 4 ) from the same MDI interaction and Skyrme forces. For the MDI interaction, which does not have gradient terms in its present form, the coefficients of density gradient terms have been assumed to be D pp = D nn = D np = 132 MeV·fm 5 , which are consistent with the Skyrme-HartreeFock calculations [188, 47] . With the full EOS, it is clearly seen that the ρ t and P t decrease quickly with increasing L for both MDI and Skyrme interactions with the former giving lower values than the latter. On the other hand, it is very surprising to see that the PA drastically changes the results, especially for stiffer symmetry energies (i.e., larger L values). Actually, the large error introduced by the PA can be understood from the fact that the β-stable npe matter is usually highly neutron-rich and the higherorder δ term contribution is appreciable. This is especially true for the stiffer symmetry energy (i.e., larger L values) which generally gives rise to a more neutron-rich npe matter at subsaturation densities. In addition, since the energy curvatures are involved in the stability conditions, the contributions from higher-order terms in the EOS are thus multiplied by a larger factor than the quadratic term [47, 48] . These features are in agreement with the early finding [196] that the ρ t is very sensitive to the details of the nuclear EOS.
The above results indicate that to determine the ρ t and P t , one may introduce a big error by assuming a priori that the EOS of asymmetric nuclear matter is parabolic in δ for a given interaction. Therefore, the ρ t -L and P t -L correlation obtained with the full EOS should be used to constrain the ρ t and P t from the experimentally constrained L values. From Fig. 11 , one can obtain ρ t ≈ 0.075 ± 0.015 fm −3 and P t ≈ 0.37 ± 0.17 MeV/fm 3 if one assumes a constraint of L = 50 ± 20 MeV which probably represents our present best knowledge on the L parameter [197] .
The present results also demonstrate that the isospin-and momentum-dependent effective interactions play a critically important role in determining the core-crust transition density ρ t and the corresponding pressure P t in neutron stars.
It should be mentioned that the isospin-and momentumdependent effective interactions may also significantly affect the critical density above which the proton fraction is larger than about 1/9 so as to trigger the direct URCA process that can lead to a faster cooling of neutron stars [198] . From Fig. 2 of Ref. [48] , we find that the critical density of the direct URCA process is about 0.25 (0.55) fm −3 for the MDI interaction with x = −1 (x = 0). Furthermore, the central density of a neutron star with canonical mass of 1.4M ⊙ is found to be about 0.42 (0.57) fm −3 for the MDI interaction with x = −1 (x = 0). These results imply that the direct URCA process may occur in a neutron star with canonical mass of 1.4M ⊙ for the MDI interaction with x = −1 and x = 0.
Extension of the MDI interaction
While the MDI interaction has been extensively applied in transport model simulations of heavy ion collisions as well as the investigations of thermal properties of asymmetric nuclear matter and neutron stars, some studies have also been performed to extend and improve the MDI interaction in recent years. In this section, we review the extended MDI interaction [199] for the baryon octet and its application to hybrid stars as well as the improved MDI interaction [71] with separate density-dependent terms for neutrons and protons to take into account more accurately the effect of the isospin dependence of in-medium manybody forces.
The extended MDI interaction for the baryon octet
During the past decades, significant progress has been made in understanding the in-medium effective NN interaction. In contrast, the nucleon-hyperon (NY) and hyperonhyperon (YY) interactions in nuclear medium are poorly known. The latter is important for understanding a number of important issues in nuclear physics and astrophysics, such as the properties of hypernuclei, the production of strange hadrons in high energy heavy ion collisions, the EOS of dense baryonic matter, and the properties of neutron stars that may have abundant hyperons in their interiors. Therefore, it is of great importance to develop an effective model for the NY and YY interactions in nuclear medium. In the following, we review the work on extending the MDI interaction to include NY and YY interactions [199] .
The extended MDI interaction
In the extended MDI interaction [199] , the NY and YY interactions have been assumed to have the same density and momentum dependence as the interactions between two nucleons in the MDI interaction. The potential energy density of a hypernuclear matter due to interactions between any two octet baryons then has the following form:
where b (b ′ ) denotes the baryon octet, i.e., N , Λ, Σ, and Ξ. We use the conventions that τ N = −1 for neutron and 1 for proton (Note: this is opposite to the convention used earlier), τ Λ = 0 for Λ, τ Σ = −1 for Σ − , 0 for Σ 0 and 1 for Σ + , and τ Ξ = −1 for Ξ − and 1 for Ξ 0 . In the above, the total baryon density is then given by ρ = b τ b ρ τ b , and f τ b (r, p) is the phase-space distribution function of particle species τ b . The A bb ′ , A 
which then reduce to the original parameters in the MDI interaction for nucleons [69, 70] . Again, the parameter x is used here to model the isospin effect on the interaction energy in hypernuclear matter.
The single-particle potential for a baryon of species τ b in a hypernuclear matter can then be obtained from the total potential energy density of the hypernuclear matter, given by
The parameters
for NY and YY interactions can in principle be determined from the free space NY and YY interactions. Due to the lack of NY scattering experiments, knowledge on the NY interactions has been mainly obtained from the hyperon singleparticle potentials extracted empirically from analyzing Λ [200] as well as Σ [201, 202] and Ξ [203] production in nuclear reactions. Although the NY interaction has been extensively studied in the past [204, 205, 206] , the isospin and momentum dependence of the in-medium NY interactions are still not well determined, and the situation is even worse for YY interactions. In the extended MDI interaction, the parameters
are thus assumed to be proportional to corresponding ones in the NN interaction. Particularly, for A bb ′ , A ′ bb ′ , and B bb ′ , one has
and for
, one has for the Λ potential from the analysis of (π + , K + ) and (K − , π − ) reactions [207, 208] and
for the Ξ potential from the analysis of (Ξ, [210, 211] reactions. This leads to f N Λ = 1 and f N Ξ = 0.73. For the Σ hyperon, its potential in symmetric nuclear matter at saturation density was taken to be attractive in earlier studies [201] , but more recent analysis indicate that it should be repulsive [212, 213, 214, 215, 216] . To take into account these uncertainties, both the attractive and repulsive cases
have therefore been considered in Ref. [199] . For the YY interaction, the parameters are determined according to [218] Table. 1. These parameterizations can be considered as a baseline for studying the properties of hypernuclear matter, and more sophisticated treatments can be made in future after the in-medium properties of hyperons are better understood. (Color online) Density dependence of single-particle potentials for particles at rest in symmetric nuclear matter. Taken from Ref. [199] .
5.1.2 Single-particle potentials for the baryon octet in asymmetric nuclear matter
The single-particle potential as given by Eq. (61) is an important quantity linked to the interaction of a particle in nuclear medium. Shown in Fig. 12 is the density dependence of the single-particle potential of a particle at rest in symmetric nuclear matter. One can see that, although the nucleon potential is more attractive at saturation density ρ 0 than those of hyperons, it becomes more repulsive than the hyperon potentials above about 5ρ 0 , including the Σ potential with MDI-Hyp-A. For the Σ potential with MDI-Hyp-R, it becomes more repulsive with increasing density and becomes weakly attractive only at very low densities. Compared with results from other models given in Ref. [219] (and references therein), the singleparticle potentials of Λ and Σ presented here are close to those from the chiral EFT [220] , but more repulsive than those from the G-matrix calculations within the soft core (Color online) Single-particle potentials in symmetric nuclear matter at saturation density ρ0 as functions of particle momentum. The Schrödinger equivalent potential obtained by Hama et al. [221, 222] from the nucleon-nucleus scattering data is shown by stars for comparison. Σ(A) and Σ(R) are for the MDI-Hyp-A and MDI-Hyp-R interactions, respectively. Taken from Ref. [199] .
In the extended MDI interaction, the single-particle potential of a particle is also momentum dependent. Shown in Fig. 13 is the single-particle potential as a function of the particle momentum for both nucleons and hyperons in symmetric nuclear matter at saturation density ρ 0 . Again, results for Σ potential with both MDI-Hyp-A and MDIHyp-R interactions are shown for comparison. Also indicated in Fig. 13 is the nucleon Fermi momentum. One can see that the nucleon single-particle potential from the MDI interaction is consistent with the Schrödinger equivalent potential obtained by Hama et al. from Dirac phenomenology of the nucleon-nucleus scattering data [221, 222] up to the nucleon momentum of 500 MeV. For hyperons, their single-particle potentials from the extended MDI interaction agree with that obtained from the G-matrix calculations with the free Nijmegen N Y interaction [223] at low momenta since both are constrained by available experimental data. However, they are slightly different at high momenta. Therefore, the momentum dependence of N Y and Y Y interactions remains an open question, especially at high momenta. In addition, the density dependence of the single-particle potential for high momentum particles is poorly known.
For the extended MDI interaction, similarly to the case of nucleons, the single-particle potentials of Σ and Ξ in asymmetric nuclear matter are also approximately linear in the isospin asymmetry δ of the matter. The singleparticle potential of a particle in asymmetric nuclear mat- Taken from Ref. [199] .
ter can thus be approximated as
where the symmetry potential U b sym (ρ, p) can be obtained approximately by (70) for the nucleon as well as Σ and Ξ hyperons, respectively. Fig. 14 shows the momentum dependence of the symmetry potentials for nucleon, Σ and Ξ at saturation density ρ 0 with the MDI-Hyp-A and MDI-Hyp-R interactions, and these results are obtained from the single-particle potentials of nucleons as well as Σ and Ξ hyperons in asymmetric nuclear matter at ρ 0 and isospin asymmetry δ = 0.2. One can see that all symmetry potentials at ρ 0 display strong momentum dependence and decrease with increasing momentum.
Although the symmetry potentials at saturation density ρ 0 are independent of the x parameter by construction in the MDI interaction as mentioned earlier, this is not the case at other densities. Shown in Fig. 15 are the momentum dependence of the symmetry potentials of the nucleon as well as the Σ and Ξ hyperons in asymmetric nuclear matter at density ρ = 3ρ 0 in the MDI-Hyp-A and MDIHyp-R interactions with x = 0 and x = −1. It is seen that the symmetry potentials depends strongly on the particle momentum and the x value used. For the Σ hyperon, its symmetry potential further depends on the choice of the MDI-Hyp-A interaction or the MDI-Hyp-R interaction. It should be mentioned that the charged Σ baryon ratio in heavy ion collisions has been proposed to constrain the symmetry energy (potential) at densities larger Taken from Ref. [199] .
than 3ρ 0 [224] . Therefore, it will be very interesting to see how the symmetry potentials of Σ and Ξ hyperons affect the charged Σ hyperon ratio and the charged Ξ hyperon ratio in intermediate and high energy heavy ion collisions induced by neutron-rich nuclei. This may be important for accurately constraining the high-density behavior of the symmetry energy using these ratios in heavy ion collisions. Therefore, the extended MDI interaction with hyperons is useful for studying the nuclear symmetry energy (potential) at high densities as well as the in-medium NN, NY, and YY effective interactions at extreme conditions of high baryon densities, high momentum, and high isospin, in transport model simulations for heavy ion collisions.
Hybrid stars
Besides heavy ion collisions in terrestrial laboratory, the compact objects (e.g., neutron stars) provide another important site in nature to test the in-medium effective interactions at high densities. Hyperons may appear in the interior of neutron stars. At higher densities in the core of a neutron star, a transition from the hadron matter to the quark matter is also expected to occur. This leads to the so-called hybrid star that is expected to have a hadron phase at low densities, a mixed phase of hadrons and quarks at moderate densities, and a quark core at high densities. The extended MDI interaction is thus useful for exploring the properties of the hybrid star. In the following, we review the results of the properties of hybrid stars with the extended MDI interaction. For the hadron-quark phase transition, the Gibbs construction [225, 226] is adopted with the quark phase described by a simple MIT bag model [227, 228] . For the hadron interactions, only the MDI-Hyp-R interaction is used in the following since the repulsive ΣN interaction is more consistent with the latest empirical information [212, 213, 214, 215, 216] . Shown in Fig. 16 is baryon density dependence of the particle fractions of each species in the presence of a hadron-quark phase transition, with the hadron phase described by the MDI-Hyp-R interaction with x = 0 and x = −1 and the quark phase described by the MIT bag model with bag constants B 1/4 = 180 MeV and 170 MeV. It is seen that the hadron-quark phase transition occurs at lower baryon density for a stiffer symmetry energy and for a smaller B value, while the density at the end of the hadron-quark phase transition essentially depend only on the B value but not much on the value of the x parameter. With a smaller B value, the hadron-quark phase transition both begins and ends at lower densities. In addition, one can see that only Λ hyperons (no other hyperons) appear in (and only in) the mixed phase in the present model. However, the fraction of Λ hyperons is sensitive to the B value with a smaller B value giving smaller fraction. Moreover, it should be mentioned that the fraction of hyperons is also sensitive to the NY and YY interactions [199] . In particular, as shown in Fig. 6 of Ref. [199] , the Λ hyperon appears in hypernuclear matter at a baryon density of about 0.5 fm −3 with the extended MDI interaction. For the Σ hyperon, the critical density at which it appears in the hypernuclear matter depends strongly on the sign of the ΣN interaction. For the attractive MDIHyp-A interaction, the critical density for the appearance of Σ − is about 0.3 fm −3 , whereas for the repulsive MDIHyp-R interaction, it does not appear until very high densities. These values are in good agreement with the values of about 0.6 for the Λ hyperon and 0.3 fm −3 for the Σ − hyperon obtained from both the BHF+TBF [229] and the DBHF [230] with free non-interacting hyperons.
For a static hybrid star, it contains three parts from the center to the surface: the liquid core, the inner crust, and the outer crust. The liquid core is assumed to be the hypernuclear matter or that with the hadron-quark phase transition. For the inner crust, a parameterized EOS of P = a + bǫ 4/3 is adopted as in the previous treatment [47, 48] . The well-known BPS EOS [185] is used for the outer crust which consists of heavy nuclei and the electron gas. The transition density ρ t between the liquid core and the inner crust is consistently determined as described earlier (see also Refs. [47, 48] ), and for the density at the edge of inner crust and outer crust, it is taken to be ρ out = 2.46 × 10 −4 fm −3 . The parameters a and b are determined by the pressures (P ) and energy densities (ǫ) at ρ t and ρ out . Using these EOS's, one can then calculate the mass-radius relation of hybrid stars with the well-known Tolman-Oppenheimer-Volkoff (TOV) equation. If the B value is further reduced, the hadron-quark phase transition would happen at even lower densities, resulting in a smaller radius for the hybrid star. These features indicate that the radius of a neutron star with canonical mass 1.4M ⊙ is not only sensitive to the stiffness of the symmetry energy, but to the hadron-quark phase transition.
Finally, we would like to point out that the original MDI interaction does not cause causality violation in β-stable npeµ matter at least up to baryon density of 10ρ 0 as shown in Fig. 2(d) of Ref. [48] . Since the appearance of new degrees of freedom such as hyperons and quarks usually softens the EOS of neutron star matter, the causality condition is still satisfied for the extended MDI interaction, and this is verified by explicit calculations [199] . We also note that the causality condition is satisfied for symmetric nuclear matter at least up to 10ρ 0 for the MDI interaction.
An improved MDI interaction with separate density dependence for neutrons and protons
In the MDI interaction, as pointed out before, the terms with parameter B (and σ) in Eqs. (16) and (17) can be obtained directly from the density-dependent two-body effective interaction Eq. (19) , which represents an effective in-medium many-body force and has been extensively adopted in the Skyrme or Gogny interaction. Since the pp, nn, and np interactions in Eq. (19) all depend on the same total density ρ = ρ n + ρ p , the proper isospin dependence of the in-medium effective many-body forces is thus neglected. As pointed out earlier in Refs. [231, 232, 233, 234, 235, 236, 237] , there is no a priori physical justification for such a density dependence in these interactions. On the other hand, within the Brueckner theory, it has been found that the G-matrix of NN interactions in isospin asymmetric nuclear matter depends strongly on the respective Fermi momenta of neutrons and protons (k n and k p ) [238, 239] . It is thus physically more reasonable to assume that the interaction between neutrons depends on the neutron density, and that between protons on the proton density, instead of the total density ρ [231] .
Indeed, the separate density dependence for pp, nn and np interactions has already been used in various models to better understand the structure of nuclei far from the β-stable line. For example, in the early 1960s and 1970s, local effective interactions with density dependence separately introduced for pp, nn, and np pairs were proposed by Sprung and Banerjee [240] , Brueckner and Dabrowski [238, 239] , and Negele [241] . Recently, Xu and Li [71] explored the effects of separate density dependence of neutrons and protons by replacing the density-dependent term in Eq. (19) with the following expression:
where ρ τ (r) denotes the density of nucleon τ (1 for neutrons and −1 for protons) at the coordinate r. This densitydependent interaction changes the expressions for the terms with parameter B in the original MDI interaction. In particular, the B-term in Eq. (16) for the energy density, i.e.,
becomes
and the B-term in Eq. (17) for the single-particle potential, i.e.,
Similarly, the B-term in Eq. (35) for the symmetry energy, i.e.,
changes to
while the B-term in Eq. (38) for the symmetry potential, i.e., 
The x-dependent parameters A u (x) and A l (x) then become, respectively, It should be noted that the expressions in Eqs. (77), (80), and (81) are different from the corresponding ones in Ref. [71] where the parabolic approximation Eq. (3) has been used to calculate the symmetry energy while here the symmetry energy is obtained from the definition of Eq. (2).
To illustrate the effects of the separate density dependence for neutrons and protons, we show in Fig. 18 the kinetic energy dependence of the symmetry potential at density ρ = ρ 0 /2, ρ 0 , and 2ρ 0 , using the improved MDI (IMDI) interaction. The results from the MDI interaction are also included for comparison. Three typical values of the x parameter, i.e., x = 1, 0, and −1 are used. It is seen from panels (a), (d), and (g) that the symmetry potentials from the MDI and IMDI are exactly the same for x = 1 due to the fact that Eq. (79) is reduced to Eq. (78) for x = 1. Furthermore, one can see from panels (d), (e), and (f) that the symmetry potentials from the MDI and IMDI interactions are also exactly the same at ρ = ρ 0 for different x values due to construction (See, e.g., Eqs. (80) and (81)). For the cases with x = 0 and −1, one can see from panels (b), (c), (h), and (i) that the symmetry potential from the IMDI interaction deviates significantly from the one from the MDI interaction at ρ = ρ 0 . Therefore, one can expect that the symmetry energy from the MDI and IMDI interactions for both x = 0 and −1 will give significantly different density behaviors for the symmetry energy, and this indeed can be seen from Fig. 19 where the density dependence of the symmetry energies from the MDI and IMDI interactions are compared. For x = 1, as expected, one can see that the symmetry energy is the same for both the MDI and IMDI interactions since the U sym (ρ, p) remains unchanged for x = 1 (see Fig. 18 ). For x = 0 and −1, however, one can see from Fig. 19 that the symmetry energy from the IMDI interaction becomes significantly stiffer compared to that from the MDI interaction. These features are consistent with the variations of the symmetry potential U sym (ρ, p) obtained from the MDI and IMDI interactions as shown in Fig. 18 . 
Summary and outlook
We have reviewed the isospin-and momentum-dependent MDI interaction that has been developed during recent years. The MDI interaction has been systematically and successfully applied in the study of the transport model simulations of heavy ion collisions induced by neutron-rich nuclei, the thermal properties of asymmetric nuclear matter including the liquid-gas phase transition, and the properties of neutron stars. Through comparing with the available experimental data, these studies based on the MDI interaction provide, via a phenomenological way, important information and understanding on the in-medium nuclear effective interaction, especially its isospin and momentum dependence. And this further puts important constraints on the EOS of asymmetric nuclear matter, especially the density dependence of the symmetry energy. We have emphasized the importance of the momentum dependence of the nuclear mean-field potential in nuclear medium, including its isovector symmetry potential. The IBUU04 transport model simulations of heavy ion collisions with the MDI interaction indicate that the momentum dependence of the nucleon isoscalar potential and isovector symmetry potential plays an important role in the degree of isospin diffusion and the energy dependence of t/ 3 He ratio in heavy ion collisions. In fact, the IBUU04 transport model analysis on the isospin diffusion data from NSCL-MSU has already put important constraints on the density dependence of the symmetry energy. The momentum dependence of the nucleon isocalar potential and isovector symmetry potential also plays an important role in understanding the thermal properties of asymmetric nuclear matter. This has been demonstrated from the studies on the temperature dependence of the symmetry energy and symmetry free energy, liquid-gas phase transition of asymmetric nuclear matter, and especially the novel differential isospin fractionation phenomenon in asymmetric nuclear matter. Moreover, the isospin-and momentum-dependent MDI interaction has been successfully used to explore the core-crust transition of neutron stars, and important constraints on the transition density and pressure at the inner edge of neutron stars have been obtained through using the MDI interaction parameters constrained by terrestrial laboratory data.
Furthermore, we have introduced two extensions of the MDI interaction that have been made recently. One is the extended MDI interaction for the baryon octet and the other is the improved MDI interaction with separate density dependence for neutrons and protons. The latter takes into account more accurately the isospin dependence of the in-medium many-body interactions and thus may provide a more physically reasonable density functional for the isospin dependence of the in-medium nuclear effective interaction. As for the extended MDI interaction for the baryon octet, we would like to emphasize that it is useful not only in understanding the properties of hybrid stars as discussed in the present paper, but also in investigating strangeness production and its isospin effects in heavy ion collisions induced by neutron-rich nuclei at higher energies (a few GeV/nucleon), and thus is potentially important for exploring the high density behaviors of the symmetry energy and the in-medium effective interactions between nucleon-hyperon and hyperon-hyperon.
Although the MDI interaction has been used for different studies as described in this paper, it still can be improved in some aspects. For example, the MDI interaction predicts an attractive isoscalar single-particle potential at high momenta/energies in symmetric nuclear matter at saturation density, which is significantly weaker than the empirical optical potential (see, e.g., Fig. 13 ) when the nucleon momentum is larger than about 550 MeV/c (i.e., the nucleon kinetic energy of about 160 MeV). This is due to the fact that the parameters of the MDI interaction are obtained from fitting the single-particle potential from the Gogny-D1 interaction that fails to describe the high-momentum/energy behaviors of the empirical optical model potential, although it can give a good description of the properties of finite nuclei. Therefore, it will be interesting to re-fit the values of the parameters in the MDI interaction to obtain a reasonable high energy behaviors for the isoscalar single-particle potential and study its effects in transport model simulations of heavy ion collisions at higher incident energies (larger than about 200 MeV/nucleon). In addition, the MDI interaction has been mainly used so far to explore the isospin-dependent properties of nuclear matter, and it will be very interesting to see how the MDI interaction describe the spin-dependent properties of asymmetric nuclear matter, especially the density and asymmetry at which the ferromagnetic transition can occur in an asymmetric nuclear matter. These works are in progress and will be reported elsewhere.
Finally, we would like to point out that the high baryon density and/or large isospin asymmetry reached in heavy ion collisions induced by neutron-rich nuclei provide a unique experimental condition to probe the isospin-and momentum-dependent effective interaction in high density asymmetric nuclear matter. Indeed, this has already been demonstrated from studying the isospin effects in heavy ion collisions induced by neutron-rich nuclei based on the transport model simulations with the MDI interaction. In addition, the high baryon density and large isospin asymmetry expected in the interior of neutron stars provide another excellent astrophysical condition to probe the isospin-and momentum-dependent effective interaction in high density asymmetric nuclear matter, and this has been demonstrated from studying the properties of hybrid stars with the extended MDI interaction for the baryon octet.
